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Tracial approximation

Let TAc be the class of C*-algebras which can
be tracially approximated by fx-algebras in the class
C in the sense of Ell iott and Niu: for any €
any f inite set F C A, and any non-zero a, € A+,
there exist a non-zero projection p € A and a sub-
C * - a l g e b r a  C  C  A s u c h t h a t  C  €  C , I s : p ,  a n d
for af l r € F,

1·
||cTp-p箝‖ (ε

2. prp €, C, and

. f r a .

J .  r - p  r s
projection

Murray-von Neumann equivalent to a
inf f i , .
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( Lin 01) When C is the set of a l l  f in i te d imensiona I
C*-algebras, then a C*-algebra A e TAC is called
a tra ic ia l  approximated f in i te dimensional  a lgebra,
i .e. , TAF-C*-a lgebras.

o (Lin 04) When C is the set of al l  interval algebras,
that is, C*-algebras isomorphic to f' e C[0, 1] for
a f in i te dimensional  a lgebra F,  then a C*-algebra
A e TAC is called a traicial approximated interval
a lgebra, i .e. , TAI-C*-a lgebras.

Note that the classif ication theorems for TAF-
algebras and TA|-algebr.as were given by Lin in 01
and 04, respectively.

In this talk we show that for any simple C*-algebra
A e TAC an an act ion a of a f in i te group G i f  a has
the tracial Rokhlin property, then the crossed product
a lgebra C* (G, A, o) belongs to the class T AC.
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Rokhlin property

The Rokhlin property for finite
formulated by lzumi as fol lows;

grou p actions is

Defini t ion 1 ( lzumi 04).Let A be a unital  C*-
afgebra, and let e,: G -, Aut(A) be an action of a
finite group G on A. We say that a has the strict
Rokhlin property if for every finite set F c A, and
every e ) 0, there are mutually orthogonal projections
eg e Afor g e G such that:

1 ·
‖α乡( c 九) 一 e g 九| | ( ε f o r  a 丨丨g , 九∈ G 。

2. l l "no -  o"nl l  (  e for  a l l  g eG and al l  e e F.

. S3 .  Ln rGeg  
-  1 .

- Typeset by FoilTg -



The tracial Rokhlin property weakens Condit ion (3)
of th is def in it ion :

Def in i t ion 2 (Phi l l ips 06) .Let  A be an in f in i te
dimensional s imple unital  C*-algebra, and let  a:  G *
Aut(A) be an action of a finite group G on A. We say
that a has the tracial Rokhlin property if for every
finite set F C A, every €
element n € A with l l " l l  -  L,  there are mutual ly
orthogonal projections eg e Afor g e G such that:

1. ll*n@n) - eghll < e for all g,,h e G.

2. l l"no - a€gll < e for al l  g e G and all a e F.

3. With e -  Dn. Ge g,  the project ion 1-e is Murray-
von Neumann equivalent to a projection in the
hereditary subalgebra of A generated by r. 4i"

4. With e as in (3), we have l lerel l

When A is f inite, we do not need Condit ion (4)
of Definit ion 2:
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Examde3。 Let M呃叩 =⑧
腥红

M%(c)and

入
1  ∶

0  ¨

·  ⋯ ·

 0

0  入o  0  ¨
·  0

α 干 ⑧ 艮 1Adl : 0 ·
∶· 0 : ∷

l,

∶  ¨

·  ∶ ·
.  ·

·
·  0

o  ¨

∷  .¨

   0  入
η

where {l,;}Lr is the root of the unit. Then a be the
automorphism of order n on Mlrroo, and a has the
Rokhlin property. I

We also construct an action which does not have
the Rokhlin property.
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Proposit ion 4 (Phi l l ips 06).Let D be an inf ini te
tensor product C*-algebra and let a € Aut (D) be an
automorphism of oreder 2, of the form

D - SnrN{rc(,) (C) and a - SLrAd (p. - en),

with k(") € N and where pn,,en € Mlr(,")(C) are
projections with pn + en - 1 and rank(pr,)
rank(q,r) for all n € N. Set

\ _
A n -

rank(p r) - rank(q,)
rank (p") * rank (qr)

f o r n e N a n d , f o r n x
, \ rn* l  \ rn+z ' ' ' ) r ,  and A(m, oo)  -  l im"r- -+oo l l (mrn) .

Then the fol lowings are eq u iva lent:

(1) The action a has the Roklin property.

(2)  There are inf in i te ly many n € N such that
rank(p*) - rank(qr), i.e.  ̂ n - 0.

( 3 )  C * ( Z r , D , a )  i s a  U H F a l g e b r a .

□

 
 
6
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Proposit ion 5 (Phil l ips 06). Let a € Aut(D) be
a product type automorphism of order 2 as in
Proposit ion 4. Then the fol lowings are equivalent:

(1) The action a has the tracial Rokhlin property.

(2) IY(*,oo) : 0 for all m.

□
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Basic Lemma

Lemma 6 (Phil l ips 00, Archey 0g). l-et A Ue an
infihite di ably f in i te simple C*-algebra
Ⅵ`Ith the

order n a n
G with the tracial Rokh丨in property。Then for any

ε > 0 ,      , a n y  Ⅱ n Ⅱe  s e t 歹∈ C 冰( G , ⒕, α) ,

and any non-=ero z∈
“3咔“3,⒕ ,α))+,七here exist a

n o n - z e r o  p r o J e c t i o n  e ∈⒕ ∈ ⒕ ×α G , a  u n i t a 丨C 冰-

suba丨宫ebra∶竿LC C严(C,⒕,α),a pr丬
ection/∈⒕ and

a n △o m o r p h 沁m ￠ ∶‰ ⑧ / ⒕r → D , s u c h  t h a t

● For eⅥⅣ y Ω∈ 歹 ||ea-Ωe||(%ε。

o With (esn) for g,h e G being a system of matrix
units for Mn, w€ have d@tt I o) - a, for all
a e  f A f  a n d  d @ n n A 1 ) e  A f o r s e  G .

o With ("n) as in (1), we have l ld@nn I o)
*n@)ll { el lr l l  for ai l  a € f Af .

o For every a e F there exist bt,bz € D such that
l | " o - b t | | < u , | | o " _ b z | | < e a n d ; | b r | | , l | b , | l <

· e=∑
g∈G￠ (egg⑧ 1)·

叱
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f
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o 1 - e i s
projection

Murray-von Neumann equivalent to a

in  z(C*(G,  A,a) )2 .

Here a C*-algebra A is said to have the Property

SP if every nonzero hereditary subalgebra of A has

nonzero projection.
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Main Theorem

Theorem 7. Let C be a class of infinite dimensional
stably f inite separable unital C*-algebras which is
closed under the fol lwoing condit ions:

( 1 )  A e C a n d B = A , t h e n  B e  C .

(2 )  l f  Ae  C  and  n  €  N ,  t hen  Mn@)  eC.

( 3 )  l f  A e  C  a n d  p e A  i s a n o n z e r o p r o j e c t i o n , t h e n
pAp e C.

For any simple C*-algebra A € T AC and an
action a of a f inite group G if a, has the tracial
Rokhlin property, then the crossed product algebra
C* (G , A, *) belongs to the class T AC.
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△
上

Sketch of the proof

(Phi l l ips 06)  Since a has the t rac ia l  Rokhl in
property, A has the property SP or a has the
strictly Rokh lin property.

Case 1: a has the strict ly Rokhlin property: Then
C* (G, A, *)  € T AC by [Osaka-Phi l l ips 07].

3. Case 2: A has the property SP: There exists
a non-zero projection q € A which is Murray-
von Neumann equivalent in C* (G, A, r)  to a

pr丬eCtion in z(σ
冰
(G,⒕,α))Z byI0saka o11.

Since A is simple, take orthogonal projections

et, ez with et,, ez a q by the standard argument.

Apply Basic Lemma. Do some standard argument
in the tracial topological rank theory.

2.
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Theorem 8. Let A be an inf inite dimensional simple
separable unital C*-algebra with stable rank one and
let a: G + Aut(A) be an action of a f inite group G
with tracial Rokhlin property. Then C* (G, A, *) has
stable rank one.

2.Theorder
traces,by

proJectlons

r(⒕),then

This sharpens result by [Archey 09] a l i t t le. In
her paper she puts two more conditions

1. A has real rank zero.

on projections over A is determined
i.e., whenever p, e € Moo(A) are
such that r(p)
p < q .

The proof is done by using Theorem 7 and the
fol lowing result by Ell iott-Niu:

Theorem9(E丨 丨iott-Niu08)■

unita丨C水-a丨gebras with stab|e

simp丨eC水 -a丨gebra in the c丨ass

one.

Let C be a class of
rank one.  Then any
T AC has sta ble ra n k
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Tracial topological rank

Definit ion 10. Let 7(o) be the calss of al l  f inite
dimensional C*-algebras and let T(k) be the class of
all C*-algebras with the form pMn(C(X))p*, where
X is a f inite CW complex with dimension k and
p e MnQ6D is a projection.

A simple unital C*-algebra A is said to r htug
no more than七if for a吣涔 百tracia|topo丨ogica丨rank

歹 c ⒕, a n d  ε) 0 a n d

Ω ∈ ⒕ , there exists a

B∈ 1Γ(比)and刂d:≡p

any nonzero positive element
C*-subalgebra B c A with
such that

( 1 ) | | Q T p - p 吲| ( ε

(2) pcTp∈ε屠丸
and

(3) 1 - p is Murray-von Neumann equivalent to a
projection in aAa.
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Theorem11(Osaka亠PhiⅢps o7)■Let⒕ be an inⅡn⒒e

dimensional si汛
p丨e unital C水

-a|gebra with traciaI

tQpQ丨ogica丨 rank more than or equa| to ,JlIf;, and

α ∶C→ Aut(⒕
)is an act0n ofa Ⅱn屺 group G

wkh tracia丨Rokh丨in property.Then(二γ
冰
((二γ,」亻l,α)has

traoia丨topo丨ogica|rank Iηore that or equa丨to七.

P9n‘,犭 Let C be the set'(⑴。 Then t(托)is c|osed

under three condit ions in Theorem T. Then from
Theorem 7 c*(G,A,*) belongs to the class TAc.
Th is mea ns that C* (G , A, *) has tracia I topologica I
rank more that or equal to k from the Definit ion 10.

LJ
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Further topic

In this section we discuss about Rokhlin property
for integer Z.

Definit ion 12. Let A be a simple unital C*-algebra
and let a € Aut(A). We say a has the tracial cyclic
Rokhlin property if for every finite set F c A. every
€

element r  € A, there are mutual ly orthogonal
p ro jec t i ons  €0 ,€ r ) . . . , en  €  A  such  tha t

( 1 )  l l * @ )  - t r + r l l  ( e  f o r 0 S j { T l , w h e r e . , n * r :
€9 .

(2) l l" io - aejl l  < e for 0 <

(3) With e
Neumann equilrlJr, to
W

j  < n and for al l  a e F.

1 e is Murray-von
a nonzero projection in

- Typeset by FoilTg -
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Note that when a simple unital separable C*-

algebra A has tracial topological rank zero, an

,rto*orphism with the Rokhlin property in the sense

of Kishimoto, or with the tracial Rokhlin property in

the sense of Osaka-Phil l ips, has the tracial cyclic

Rokh li n property ( Li n-Osa ka 04) . We ca n a lso

construct an automorphism a on a simple unital

AT-algebra with the tracial cyclic Rokhlin property

from an isomorphism 11 : Kt(A) + Kr(A) such that

e* : ^yr (Lin-Osaka 06)
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The fol lowing is a Key Lemma for characterization
of crossed products by Z.

Proposit ion 13. Let A be a simple unital C*-algebra
with Property SP. Suppose that a e Aut(A) has the
tracia l cyclic Rokh lin property. Then for a ny s
a f inite set F C 6t(2, A, a), and a nonzero posit ive
eleme nt z e Ax o@, there exist a projection e e A c
A x oZ,  a uni ta l  subslgebra D C eC* (2,  A,  a)e,  and
a project ion f  € A, and an isomorphism $: Mz9
f Af + D such that

(1) With matrix units ("0) for M2, w€ have d@u 8
a)
i  -  r , 2 .

(2)||￠(c22⑧ Ω)— α
(Ω)||(6||Ω||for a丨

丨G∈ /⒕ /.

(3)c=∑ 廴 1￠ (e讠讠囟 /),

( 4 ) c Ω
e ∈ε D  f o r a | l Ω∈ F 。

(5)  I -e  is  Murray-von Neumann equiva lent  in  AxoG
a projection in zC* (2, A, a) z.
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Theorem L4. Let C be a class of infinite dimensional
stably f inite separable unital C*-algebras which is
closed under the fol lwoing condit ions:

(1) A e C and B = A, then B e C.

( 2 ) l f  A e C  a n d n € N , t h e n  M n @ ) e C .

( 3 )  l f  A € C  a n d p e  A i s a n o n z e r o p r o j e c t i o n , t h e n
pAp e C.

For any simple C*-algebra A € TAC with Property
SP if an automorphism a has the tracial cyclic
Rokhlin property, then the crossed product algebra
C. (2, A, a) belongs to the cl ass T AC.

Corollary 15. Let A be an infinite dimensional
simple separable unital C*-algebra with stable rank
one and Property SP, and let a, € Aut(A) be an
automorphism with tracial cyclic Rokhlin property.
Then C. (2, A, a) has stable rank one.
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Theorem 16. Let A be an infinite dimensional
simple unital C*-algebra with tracial topological rank

ilD more than or equal to k, and a e Aut (A) is an
automorphism with tracial cyclic Rokhlin property.
Then C-(Z,A,a) has tracial  topological  ranhmore
that or equal to k.  I  \

i/vo

- Typeset by FoilTg -
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